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Outline

© Introduction to interlacing families
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© Introduction to interlacing families
© Application to construct infinite families of bipartite Ramanujan)

graphs
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Polynomials with a Common Interlacing

Definition
n—1

A polynomials g(x) = [[=1 (x — «;) interlaces another polynomial

F(x) = [Tima (x = Bi) if

51§a1§52§042§“’§an—1§6n

Polynomials f1,..., fx have a common interlacing if there exists a

polynomial g that interlaces every f;
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Roots of Polynomials with a Common Interlacing

Lemma

Let f1,...,fi be real-rooted polynomials of the same degree and have
positive leading coefficients. We define

A\N tl k

(MWM(Y' fy=> f (1)

=il

If fi,...,fi have a common interlacing, then there exists i such that
)\max(fi) < )\maX(f(Z))-

Lemma holds for the k" largest roots

The takeaway here is that when the polynomials have a common
interlacing, "averaging” component wise behaves well with respect to the
roots. This is not true in general, very easy counterxamples!
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Roots of Polynomials with a Common Interlacing - Proof

sketch
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_
@ f; is positive for large enough x, f; has exactly one root > a1

e f; non-positive at a1
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Roots of Polynomials with a Common Interlacing - Proof

sketch

@ f; is positive for large enough x, f; has exactly one root > a1

e f; non-positive at a1
@ fp non-positive at a1 and then eventually positive
e fy has one (and hence largest) root > a,_1 say 5,
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Roots of Polynomials with a Common Interlacing - Proof

sketch

@ f; is positive for large enough x, f; has exactly one root > a1

e f; non-positive at a1
@ fp non-positive at a1 and then eventually positive
e fy has one (and hence largest) root > a,_1 say 5,

0 0=1j(Ba) = Xisy fi(Ba) = 3i: fi(Ba) 2 0
@ Largest root of f; is between a,_1 and 3,
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Interlacing Families

Definition (Interlacing Family)

Let S1,...,5, be finite sets. Suppose that for every assignment
S1y---3Sm € S1 X -+ X Sy, 15, ... 7, are real-rooted polynomials, degree

n polynomials with positive leading coefficients.

Now for every partial assignment s1,...,s, € 51 X -+ X § with k < m

define :
Lﬂ\ﬂl\"‘ﬂof\kp
51,52,.--,5k — Z él;---75k75k+1,---,5m XXY‘QC‘I.‘O(\
Sk+1€Sk+15+-:SmESm
And finally
= > fas
51651,...,Sm65m
{fsl sm} form an interlacing family if for all k k and every partial

a55|gnment. {fsi,....s6,t } t€S,,, have a common mterlacmg
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Roots of Interlacing Families

Let S1,...,5m be finite sets and {fs, . s, } be an interlacing family.
Then there exists some assignment si,...,Sm € S1 X --- X Sy, such that
>\max(f51,...,sm) S Amax(f(b)
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Real-rootedness criterion

Checking if f1, ..., fx have a common interlacing is difficult in a lot of cases

Lemma

Let fi,...,fi be polynomials of the same degree with positive leading
coefficients. Then fi, ..., fi have a common interlacing if and only if all
convex combinations of f1, ..., fi are real rooted

k k
Z Aif; real-rooted V\; > 0, Z A=1
i=1 i=1

(owax (ombinohions feall footed 9}
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Structure of a Proof Using Interlacing Families

Assuming we have a family {f;, s, } of real-rooted, degree n polynomials
with positive leading coefficients:

© Prove that the family is indeed an interlacing family. This often
amounts to the problem of proving real-rootedness of convex
combinations
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Structure of a Proof Using Interlacing Families

Assuming we have a family {f;, s, } of real-rooted, degree n polynomials
with positive leading coefficients:

© Prove that the family is indeed an interlacing family. This often
amounts to the problem of proving real-rootedness of convex

combinations
@ Bound the "average” polynomial fj
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Interlacing Families 1: Bipartite Ramanujan Graphs

- d dz

Goal: Construct infinite families of bipartite d-regular graphs with
non-trivial eigenvalues bounded by 2v/d — 1 .

|dea: Start with a d-regular bipartite Ramanujan graph G with n vertices
and m edges and construct a 2-lift of G whose eigenvalues remain

bounded by 2v/d — 1
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2-Lifts and Signings
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Theorem (Eigenvalues of 2-Lifts)

Let A be the adjacency matrix of a graph G and As be the sign matrix of
some 2-lift of G, then the eigenvalues of the 2-lifted graph is the union of
the eigenvalues of the original graph and the eigenvalues of As

v

Can we always find a 2-lift such that the eigenvalues of As are bounded by

2v/d — 17

Applying the method of interlacing families:
fs = det(x/ — As) (2)

We have a real-rooted, degree n polynomial with positive leading
coeffiecient for each signing of G
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The Matching Polynomial

Definition

Let G be a graph with n vertices then ug = Ziao x"=21(—1)'m; is its
matching polynomial.

Where m; is the number of matchings of G with / edges. A matching of a
graph is any subset of edges, such that no vertex is touched more than
once.

Theorem

| A

Let G be a graph, then ug(x) is real-rooted.
Let G have maximum degree d, then all roots of i have absolute value

bounded by 2+/d — 1
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Bounding the Average with pg
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Theorem

Let G be a graph with n vertices and m edges and fs be defined as above,
then

fy = Esepanpn [ (3)] = pe(x)
— ES Lde} (nL- As Bj

— \Es Lsum oveY kemu“oxjﬁ'om:}
= Sum ’ES LPQ"‘"‘”\“,“\OM)
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Definition (Real Stability)

A multivariate polynomial f € R[z, ..., z,] is real stable if f =0 or if

Xz)) > Oi = f(z1,...,2p) #0

Closure under:
© Scaling f — cf(a1z1,...,anzn),c € C,a € R"
@ Specialization: f — f(a,z,...,2,),a with &(a) >0
© Differentiation f — O1f
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